Abstract. An approach for a simple, general, and unified theory of effectivity on sets with cardinality not greater than that of the continuum is presented. A standard theory of effectivity on F = {f : N 3 N} has been developed in a previous paper. By representations 6: B--* M this theory is extended to other sets M. Topological and recursion theoretical properties of representations are studied, where the final topology of a representation plays an essential role. It is shown that for any separable T,-space an (up to equivalence) unique admissible representation can be defined which reflects the topological properties correctly.
Introduction
Definitions of Type 2 computability, i.e., computability on sets with cardinality not greater than that of the continuum, have been given in several ways (see, e.g., [4, 11, lo] ). Most of these definitions are equivalent or at least dependent from each other but there is no generally accepted approach as in the case of computability on denumerable sets. This paper presents the concept of representations as a foundation for a unified Type 2 computability theory. Its basic idea is that real world computers cannot operate on abstract elements of a set A4 but only on names. We have chosen the set IF of sequences of natural numbers as a standard set of names and have defined computability on lF explicitly (see [12] ). Computability on other sets M can then be derived from computability on lF by means of representations, i.e., (partial) mappings from IF onto M. The same computability theory could be obtained by using sets like P, as standard sets but considering the applications of our theory IF seems to be the better one. For example, infinite objects are often defined by sequences of finite objects (e.g., Cauchy sequences, chains etc.) and not by sets of finite objects. Furthermore, the computation model for functions on IF is easy to understand and allows studying computational complexity.
Computable functions turn out to be continuous in general, and in most cases functions which are not computable are not even continuous. Hence, topological considerations are fundamental for Type 2 theory, and continuity w.r.t. representations will also be studied. Therefore, two versions of Type 2 theory are developed simultaneously, a topological (t-) and a computable (c-) one. For formulating effectivity properties of theorems, functions, predicates, etc., we introduce the concept of correspondences (or multivalued functions).
A correspondence is a triple f = (M, M', P) where P E M x M'. Define domf:={xEM)(3yEM')(x,y)EP}, The correspondence f is called (6, 8' ) -t (c-) e$ective iff, in addition, r(q) is undefined for all q E S-'(M\dom f).
A correspondence f = (M, M', P) with ((x, y') E P A (x, z') E P) + y' = z' is called a partial function and is denoted byf: M--*M'. Therefore, Definition 2.6 is applicable to partial functions. ( (1) 6a,S'. The proof is immediate, and therefore omitted. Let M1 and Mz be the sets represented by 8, and Sz. Then _S is a representation of M, n M, and s represents M, u M2. Therefore, we shall use the notations Z&n&:=_6 and 6,u&:=&
The following example explains the relation between the representations Ml and Scf of P,. The proof is similar to the proof of "A set is recursive iff it is r.e. and its complement is r.e.". 
Recursion-theoretical properties of representations
In this section, precompleteness (see [5] ) is studied for representations. Most of the interesting representations are precomplete. The recursion theorem and Rice's theorem are consequences of precompleteness. Any representation S of a set M induces a canonical numbering V, of the computable elements of A4. The relation between 6 and vs is studied.
We shall start with precompleteness and give some examples. Proof.
Definition. A representation 6: F--
(1) Let r:F--*IF be computable and let p be an oracle-Turing-machine computing f (see [12] ). For every input p E F let f(p)(i) E N u {E} be the information written onto the output tape by F at step i. Define T:lF+F by
Then A is computable and Ml,, Pj = lU,-cP, holds for every p E dom K Note that tUd( Pj is finite if p E dom 1: (2) See [4] . Cl Note that if 6:lF--*M is precomplete and 6'= Ho6 for some H: M--+ M', then also 6': lF--* M' is precomplete. Therefore, any representation 6 = H of&Q where H: P, --• M is precomplete. Also, [ 6 + 6'1, wg, and & are precomplete for arbitrary representations 6 and 6'. Rice's theorem is a consequence. We only formulate the topological version since it is stronger than the computable one. (1) f (6, S')-computable+ the restriction off to MC is (v,, us,)-computable.
(2) A S-provable (decidable)+A n MC is v,-provable (decidable).
Proof.
(1) Using oracle-Turing-machines as computability model for computable operators T:E--*IF, it is easy to show that for every computable T:lF--+lF there is some recursive g such that rpi = pg(i) for every i. Therefore, if $5 = S'r, then fvs =@cp = 6'l-$ = z+,g.
(2) Similar to (1). Cl
The converse of Lemma 3.10 does not hold in general but it follows from the Myhill-Shepherdson theorem [9] that for certain representations (e.g., RJJ : IF + P,, Sp : IF + P) and total functions computability w.r.t. the induced numberings of the computable elements forces representation computability. An immediate consequence of Lemma 3.10 is that '6 d C S'+ z+ d ,,, vs,' holds for arbitrary representations. Furthermore, vs is precomplete for every representation 6 because cp is precomplete. Since precomplete m-equivalent numberings are recursively isomorphic (see [SJ) we get the following. If on M a topology r is already defined, then T = TV should hold for any 'reasonable' representation S of M.
Corollary. S =c a'=_) v8 and uSI are recursively isomorphic.

Representations of topological spaces
We give some examples of final topologies. 
SUP(T1, 72) = T(8*"S*), inf(T1, 72) c T(s,,+),
Conversely, for X E T(~,,~,)
follows Xn MiETi (i=1,2) by (l), i.e., XE suP(T,, 72). NOW let X = X1 n X2 where Xi E Tim Then, by (l), {X1 n M2, X2 n M,} C T(g,,sz), hence X = X1 n M2 n X2 n M, E T(~,~~~). 
Theory of representations 47
In the examples above we characterized the final topologies for given representations. Now we shall define 'natural' representations for given topologies. The spaces we consider are separable TO-spaces.
(A topological space is separable iff it has a countable basis. It is a T,,-space iff any two points can be distinguished by open sets.) 4.5. Definition. Let (M, 7) be a separable TO-space and let U be a numbering of a basis of r. For XEM let e,(x):=(i~N(x~ Ui). A standard representation S,:ff--*M of (M, 7) is defined by dom S, := W'E,( M) and S,(p) := e,%Ilp whenever p E dom 6,.
Since 7 is a TO-space, E,. * M + P, is injective and therefore 6,(p) is well-defined. A standard representation of a separable TO-space has remarkable properties. There is some continuous A:
Therefore, (Vp E dom 6) l(p) = &A(p).
Cl
An immediate consequence of Theorem 4.6 is that all the standard representations of a separable TO-space are topologically equivalent. Therefore, the equivalence class { 6 16 st S,} is independent of the numbering U.
Since t-equivalent representations induce the same kind of continuity theory, the following definition is reasonable. 4.7. Definition. Let S be a representation of a separable TO-space (M, T). 6 is t-eflective (admissible) w.r.t. 7 iff S =t S, for some standard representation 8,.
Clearly, the admissible representations of (M, T) form exactly the equivalence class (8 16 st 6,) for arbitrary U. Proof. W.1.o.g. we may assume 6i and S2 to be standard representations.
(1) Let F: MI--+ M2 be ( 71, T2) -continuous and let 6 ':= Fo8,. This means that F is strongly (S,, S,)-continuous. Cl
For some special representations, the converse of (2) also holds. We shall introduce such a representation of the real numbers in a following paper. For (strongly) (6, S')-continuous functions also an effective version of (T, 7') -continuity can be shown. Let U ( U') be a numbering of some basis of 7 (7') with Proof.
(1) Suppose X # 0 is &open, i.e., there is some Ac W(N) with S,'X = U{[ w]l w E A} n dom 6,. Choose an arbitrary y E M. Then for every v E A there is some p E [v] with S,(p) = y. Hence, y E X, i.e., X = M.
Conclusion
This paper presents basic definitions and properties of the theory of representations as a tool for further research. In Section 2, the effectivity of subsets and functions relative to given representations is studied. It is shown that a representation is defined uniquely up to t-(c-) equivalence by the topological (computational) properties induced by it. Several standard constructions of new representations from given ones are introduced and it is shown that these constructions respect reducibility. Finally, it is shown that for any two representations the supremum and infimum exist. In Section 3, some recursion-theoretical properties are investigated. The recursion theorem for precomplete representations is proved and different versions of Rice's theorem are derived. It is shown that the concepts of computability introduced so far are consistent, and finally the numbering derived from a representation is considered.
In Section 4, topological properties are investigated. Every representation induces a topology on the represented set, the final topology. For any separable TO-space there is a distinguished uniquely defined (up to t-equivalence) representation which is called admissible. Admissible representations have very satisfactory properties some of which are investigated.
Especially it is shown that continuity and continuity w.r.t. admissible representations are reasonably related. There is no doubt that the admissible representations are the most reasonable ones for separable TO-spaces. In the case of the real numbers R with standard topology, several representations such as the decimal representation are not admissible. The concept of admissibility leads to standard representations of the Lp-spaces [14] and other separable TO-spaces from functional analysis. Therefore, the theory of constructive functional analysis is well-defined. Representations are also useful in constructive analysis since without using intuitionistic logic it can be studied whether mathematical objects (sets, functions, predicates etc.) are constructive or not. A unified approach to constructive (and recursive) analysis may serve as intermediary between traditional 'idealistic' mathematics (not concerning with constructivity) and intuitionistic mathematics [ 1,2], which does not accept nonconstructive objects and proofs. This area will be investigated in a forthcoming paper.
The study of computational complexity [6, 7] is a further application of representations. Even a canonical approach to constructive measure theory (on R) is possible by using an appropriate separable metric space. It should be mentioned that computability properties of the (t-) admissible representation 6" depend on the numbering U, which should be chosen as 'c-effective' as possible. A general rule does not seem to exist.
